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The high temperature Umit of the 3-graviton vertex function is studied in thermal 
quantum gravity, to one loop order. The leading (T^) contributions arising from internal 
gravitons are calculated and shown to be twice the ones associated with internal scalar 
particles, in correspondence with the two helicity states of the graviton. The gauge in- 
variance of this result follows in consequence of the Ward and Weyl identities obeyed by 
the thermal loops, which are verified explicitly. 
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I. INTRODUCTION 



There has been much work on quantum gravity at finite temperatures, which are 
high compared with typical frequencies of the gravitational field. If the temperature is 
well below the Planck scale, perturbation theory can be used to calculate the n-graviton 
functions, with internal lines which correspond to matter in thermal equilibrium. The 
functions for n — 1 and n — 2 have been studied previously [1,2] and show a leading 
T"^ behavior. Subsequently, the work has been extended to the n = 3 case, with a single 
loop of internal scalar particles. Furthermore, it has been shown on general grounds, 
based on the Ward and Weyl identities, that the partition function in a gravitational 
field is determined uniquely in terms of the 0{k) contributions [3]. Consequently, the 
contributions from internal scalars, gluons and gravitons should be the same, up to simple 
numerical factors which just count degrees of freedom. 

The main purpose of this paper is to calculate the high-temperature limit of the 3- 
graviton vertex function with a single loop of internal gravitons. Besides verifying the 
general arguments presented in reference [3] , this study of thermal quantum gravity might 
offer new insights into the general structure of the metric dependence of the partition 
function at high temperature. The calculation of the 3-graviton function is considerably 
more complicated than that of the 3-gluon one [4]. The method we use is an extension 
of that in reference [5], in which the thermal Yang-Mills n-point functions were related 
to the forward-scattering amplitudes for the thermal Yang-Mills particles. This method 
simplifies considerably the calculations in the present case, were we consider the forward 
scattering amplitudes for the thermal gravitons in a gravitational field. 

In order to illustrate the method and to derive several results which will be important 
later on, we first consider in Sec. II the graviton self-energy function. We evaluate the 
leading temperature corrections and check the Ward and Weyl identities which relate 
the self-energy function to the energy-momentum tensor. In Sec. Ill, we derive the 
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terms in the 3-graviton function, for the self-interacting thermal gravitons. We verify the 
Ward and Weyl identities connecting the 3- and 2-point graviton functions. The leading 
contributions have the same form as the one associated with internal scalar particles, 
differing only by a factor of 2 in correspondence with the two helicities of a physical 
graviton. Some mathematical details which arise during these calculations are given in 
the Appendices. 

II. THE GRAVITON SELF-ENERGY 

We consider here the leading high-temperature corrections to the graviton self-energy 
in a space-time which is asymptotically flat. Hence, we expand the metric tensor g^^'^ in 
terms of the deviation from the Minkowski metric r]'^'^ as follows 

^^M.^~M-^^M- + ^^M-^ (2.1) 

where n = V327rG and (f)^^'^ denotes the graviton field. This enables us to evaluate per- 
turbatively the thermal Green functions by expanding the Einstein's Lagrangian written 
in the form [6]: 

J^grav = ^ {r^9x^.~9n. - ~9 ^..~9x. - 2S-J'^~g^,)g^;g^j:. (2.2) 
It is convenient to fix the gauge by choosing: 

Cfia. = -^{d^~9n^ 

which yields a contribution of the gravitational ghosts given by: 

^ghost = iAVi^xd'^ - /^{(PufM - (PupVfxdpdi^ - (t)^ip,ixr]y\dp + (p^i„,^idx)]Cx. (2.4) 

The relevant Feynman rules following from the above Lagrangian density are summarized 
in Appendix A. 
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(2.3) 



The Feynman diagrams which contribute to the graviton self-energy function are 
shown in Fig. 1. These graphs represent [5] the forward scattering amphtude of a thermal 
graviton with on-shell momenta qa = {q, q) as indicated in Fig. 2. This amplitude must 
be multiplied by the corresponding Bose distribution function of the thermal graviton and 
integrated over its 3-momentum q. In this way, we can express the thermal self-energy 
graviton function as: 

The high-temperature limit of the forward scattering amplitude ^fcti3){fj,u)i^^ ^) S*-*^' 

erned by those parts of the Feynman integrals which are superficially most divergent. To 

obtain these, one needs to expand the Feynman denominator: 

1 _ 1 _ 
+ 2q-k~ 2q-k {2q ■ kf ^ " ' ' ^ ' ' 

In this case there is a "super-leading" term of the form: 

q ■ k ^ 

which cancels between the graphs of Fig. 2 and the corresponding crossed diagrams. 
We are then left with the leading contributions which are functions of degree two in q. 
Rescaling the null vector q^ by qa = qQa, where Qa = (1,0) with = 0, these can be 
expressed in terms of the graviton energy density 

From the Feynman rules developed in Appendix A, we find that the contributions to the 
Forward scattering amplitude i'fai3){ni')i^^Q) associated with the graphs in Fig. 2. are 
given respectively by: 

(a/3)(M.)(^' - ^Tg + ^7q + ^7q 

^ 10 ka Qp Qm _ ^Ok'^Qa Qf3 Qi^Qiy (2.9) 



k-Q {k-Qf 

- 10 Qn Qu r]a(3 - 10 Qa Qf3 VfJ-ui 



J_p2b (I, ^\ _ 8fet/ Qa Q(3 _ 8 Qa Qfj Qi, ^ SkpQaQf^Qi, 

^2^(a/3)(p.)l'«'Vi- k.Q J..Q k-Q , , 

(2.10) 

_ 8 /cq, Qp Qn Qiy 8 k Q/b Qh Qv 
fc^g ^ {k ■ Qf ' 

\^TaB)Uu)i.k,Q) = 10(?7a^Q^Q, + ?7^,Q«Q/3). (2.11) 
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Note that equations (2.9) and (2.11) contain terms involving the Minkowski metric tensor. 
However, such terms cancel out in the total sum which gives twice the contribution one 
gets from a single loop of internal scalar particles: 

Q/3 Qfj. Qv k^ Qa Q fi Q fi Q 



2^ ^ ^ ^ \ (2-12) 



+ 



k-Q {k-Q) 
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This result is expected from the Ward identity relating the self-energy function to the 
energy-momentum tensor: 

(2r/«^/ci^ - r7"^/c/)rj«;3)(^.)(/ci) = V^\S^h^ + S^k,,)^, (2.13) 
and from the invariance under Weyl transformations which requires: 

V''^rlpn,v)ik)^^. (2.14) 

As shown in reference [3] , these relations fix uniquely the self-energy function in terms of 
the energy-momentum tensor. Since the contributions to T^jy from internal scalars and 
gravitons are all the same [2] apart from simple numerical factors counting the degrees of 
freedom, the result expressed by Eq. (2.12) should be expected. 
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III. THE 3-GRAVITON VERTEX FUNCTION 



We now turn to the leading temperature corrections of the 3-point graviton function. 
The thermal loop diagrams which are relevant to our discussion are shown in Fig. 3. 
and the corresponding forward scattering amplitudes are represented in Fig. 4. In the 
high temperature limit we require large values of momenta Qa = (q, q) associated with the 
thermal graviton. Since the thermal particle is on shell, each Feynman denominator in 
the diagrams in Fig. 4 has the form: 



the sum being over some set of indices i. We may expand each denominator in powers 
of [iP' I2q ■ k), and also the numerators in powers of kif^/q. The first term has a denom- 
inator which is quadratic in [q ■ k)~^, and a numerator with the single tensor structure 
qaqpq^xqvqpqa- However, these terms cancel when all graphs are added, as a consequence 
of the eikonal identity: 



since k\-\- k2 + k^ = 0. The next terms are down by a power of ki/q, being individually 
"super- leading" . Also these turn out to cancel out by a combination of the eikonal identity 
and the requirement of Bose symmetry. 

With the super-leading terms out of the way, we now consider the leading contribu- 
tions. To this end we take the integrand to one further term in powers of the external 
momenta. Then the leading terms will become homogeneous functions of q of degree 2. 
We proceed as in the previous section, rescaling q^ by a factor of q: qa = qQa, and 
integrating over q. Then the leading behavior of the 3-graviton vertex can be expressed 
as: 




with 




(3.1) 



(g ■ ki)-\q ■ k2)-^ + (g • ki)-\q ■ ks)-' + (g • k2)-\q ■ fca)"' = 0, 



(3.2) 



r(a/3)(/ui/)(pa)(^l> ^2, A;3) — 




(a/3)(^ii/)(pa) k2,k3,Q), 



(3.3) 
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where the graviton energy density pg (equation (2.8)) is proportional to T^. Using the 
Feynman rules given in Appendix A, we perform the necessary algebra in order to find the 
leading contributions to the forward scattering amplitude ^\o,i3){ixi>){pa)^^'^i ^3) Q)- The 
calculation is considerably involved, requiring the use of vast algebraic manipulations. The 
corresponding corrections, associated with the graphs shown in Fig. 4., can be written in 
the form given in Appendix B. Here we discuss only the main features of these complex 
algebraic structures. 

The contributions from diagram (4a), involving only three-graviton vertices has the 

general from (see Eq. Bl): 
r(a/3)(^.)(pa)(^i'^2, A;3,Q) = AQ^Q pQ /.Q^Q pQ^ + B^Q pQ ^Q^Q pQ^ + {a ^ P) 

+ B^QaQisQiyQpQa + ■■ ■ 

+ ClpQ^Q.QpQa + • • • + D^^^QpQ.QpQ, + • • • 

+ E^^r]^,^QpQpQ^ + ■■■ + F^^7]f3^Q^QpQ^ + ■■■ 

(3.4) 

+ GaV^aQpQuQp H h H^VapQixQiyQpQa H 

+ I^^VanQpQuQpQa H 

+ J ivc^p'ntxi^QpQa H — ) + J' ivo^/sritxpQ'yQa H — ) 

+ J" {Vap.Vpi^QpQcr H ) + J'" {Vafj.Vf3pQuQa H ) • 

Here J, J', J", J'" are constants. A, i?*, are scalars functions of Q and the external 
momenta, S^, E'^^, F^^, are vector functions of Q and the external momenta not 
proportional to Qa, and C^^, are tensor functions containing neither 

nor Qf3. 

The ellipses denote the addition of as many terms as are necessary to symmetrize under 
(a <->■ (3), (/U ^ z/), (p ^ o") and under the permutations of (fci, a, /?), (/c2, A*? 
(/c3, p, a). Note that each term is a function of degree two in Q and of zero degree in the 
external momenta. 

The contribution from the ghost particles in Fig. (4b) is less complicated algebraically 
than the previous one, since the terms proportional to the Minkowski metric 77 are absent 
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(see Eq. B2). On the other hand, the corrections arising from graph (4c) give, as shown 
in Eq. (B3), only terms which contain exphcitly the Minkowski metric 77. Finally, the 
contributions associated with diagram (4d), which involves the 5-graviton coupling, have 
a structure proportional to rj <^rj, as can be seen from equation (B4). 

However, the terms depending explicitly on the Minkowski metric cancel when all 
graphs are added. The final result for the forward scattering amplitude is rather simple 
and can be written in the form (cf. Eq. (B5)): 
r(a/3)(/ui/)(pa)(^i'^2,A;3,<3) = AQ^Q fjQ ^QuQ pQa + B^Q ^Qj^Q pQ^ + {a ^ /3) 

+ B^QaQpQuQpQa + h C^^pQpQiyQpQa + ■ ■ • (3.5) 

+ DllQfiQ.QpQa + • • • , 

where Qa = (1,0), and 

A = — -f.^J^^ ^ — + (cyclic permutations), (3.6) 

(fei ■ Q)^fe2 • Qk3 ■ Q 

''~~ki-Qk2-Qks-Q~ k2-Q{ks-Q)^ ~ {k2-Q)^ks-Q' ^'^ 

Al _ k2ak3p + k2f3k3a 

~ k2-Qks-Q ' ^^-^^ 

A12 _ kiaksn k2ij,ksa , s 

'^'^ ki-Qks-Q k2-Qk3-Q' ^ ' ' 

The other terms in (3.5) containing the coefficients B^, and D"^^ can be obtained 

respectively from (3.7), (3.8) and (3.9) by symmetry. 

The important point about (3.5) is that, under Lorentz transformations in the asymp- 
totic Minkowski space, it is a covariant function of the null vector Qa- We remark that 
equation (3.5) is a homogeneous expression of Q of degree 2 and of zero degree in the 
external momenta. It gives precisely twice the contribution arising from a single loop of 
internal scalar particles. 

In order to understand this result, we now consider the Ward identity which follows as 
a consequence of the invariance under general coordinate transformations. This relation, 
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which connects the 3-graviton vertex (Eqs. (3.3) and (3.5)) to the self energy function 
(Eqs. (2.5), (2.8) and (2.12)), is verified exphcitly by: 

(2r7«^/cf - r7"^/ci^)r?,^)(^.)(,.)(/ci, h) =[v^\S-h. + S^h^) + S-S^'^lVl^^^^^^ih) 

+ (^2, /i, T^) ^ {h, P, cr). 

(3.10) 

Since the thermal corrections from the ghost-ghost-graviton vertex functions are sub- 
leading [3], these terms do not contribute to Eq. (3.10). Consequently, the Ward identity 
has the same form as in a physical gauge, indicating that the leading contributions 
are gauge independent. This property can be ascertained by considering also the Weyl 
invariance of the theory, which reflects its invariance under scale transformations. From 
this, we verify the trace identity: 

V''^^U)i^.)ipa)ikl, ks) = r2^.)(p.)(/C2) + r?p.)(^.)(/C3). (3.11) 

It has been argued in [3] that the use of the Ward and Weyl identities, together with 
the structure indicated by equation (3.5), are sufficient to fix uniquely the 3-point vertex 
in terms of the self-energy function. As we have seen, the same identities determine the 
2-point function in terms of the energy- momentum tensor T'^'^ . Hence, these relations are 
sufficient to determine uniquely the 3-point graviton vertex in terms of T^"^. 

It is well known [7] that in gauge theories, the thermal corrections to the energy- 
momentum tensor should be gauge invariant quantities. The contributions to T^^ from 
internal scalars and gravitons are the same, up to a factor of 2 which counts the gravi- 
ton degrees of freedom. Prom the above arguments, it then follows that the leading 
contributions to the 3-graviton vertex function, from a single loop of internal gravitons, 
must be gauge invariant. Furthermore, these corrections should be twice the ones arising 
from an internal loop of scalar particles, as expected from the two helicity states of the 
graviton. 
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APPENDIX A 

In this appendix we derive the Feynman rules which are relevant for the perturbative 
study of quantum gravity. To this end, we write the total Lagrangian density obtained 
from the sum of (2.2), (2.3) and (2.4) as: 

oo 

>C = ^ K^~'^C(^j) + Cghost, (A.l) 

J=2 

where the terms in the series are given by increasing powers of the graviton field defined 
in Eq. (2.1). Noticing that: 

and inverting the tensor which multiplies 4)a/3<Pniy, we find that the graviton propagator 
in momentum space is given by 

1 

In the same way, the quadratic part in the ghost field leads to the ghost propagator 

Df;^\k) = ^. {AA) 

The ghost-ghost-graviton vertex can be easily derived from Eq. (2.4). We obtain in 
momentum space that: 

The graviton-graviton couplings in momentum space represent an algebraic problem for 
which we have used the computer program Mathematica. We find for these couplings the 
following expressions: 
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The three graviton coupling 

-Xr(a/3)(;.:.)(pa)(^l'^2,/C3) = 

[ -4:k2p r]a^ r]p^ - k2 ■ h Vap VfBa ViJ.u 
+ 2 /C2 • /C3 r]au Vpa Vfip + 2 k2 ■ h Vafi Vf3p Vua 
- 2 hp V^j^p r]„a -k2-kz rjan VPv Vpa 

+ k2ahj3 Vi^i^ Vpa 

+ (symmetrization under (a P), {jj. ^ v), (p <-> a)) ] 
+ {permutations of {ki, a, P), (/c2, z^), (fcs, p,a) ) . 

The four graviton coupUng 



^^{al3){iJ,iy){p<7){XT)ih,k2, h, k4) — 
[ - 2 /C3p /C4,y Vaa VPr VXp + hp, hu Vap VPcr VXt 
- ^3 • ^4 Vap VfBu VXt Vp-a " 4 k^x ha Vap Vfiu Vp-r 
+ 2 /C3 • ^4 r]aa Vfiu VXp Vpr - /Cs • ^4 Vap V/3cr VXp V^t 
+ 2 ^3 • A;4 r}ap rjpx T]^^ rj^r + hphv VaX V/3t Vpa- 
-ks- k4 rjaX Vpy Vpr Vpa " 2 ks^^ k^u Vap V/3X V<jt 
+ 2 ^3 • ^4 r]ap Vl3v VXp Var 

+ {symmetrization under {a P), {p v), {p ■(-^ a), {X t)) 
+ {permutations of {ki, a, P), {k2,fi,i'), {ks,p,a), (A;4,A,r)). 
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The five graviton coupling 



~:3^r(a/3)(Ati^)(pcr)(AT)(75)(^l' ^2, ^3, ^4, ^s) — 

[ - 2 /C4p k^cr Vafx Vpr VSiy %A + k^^ Tjar V/3X VSi^ VlfJ- 
+ k4p ^5(7 Van VPt VSj VXi^ - 4 k4y k5^ r]af^ r]pp rjSa VXv 

- 2 kAp /C5a ^/37 V5t VXv - 2 k^p /C5a ^ar ^7/3.5 ^77m VXi^ 
-k^-kr, rjan rjpr VSa Vlp VXu + 2k4-k5 rjap, r](3p r]Sr V^v VXcr 

+ 2k4-k5 r}an r}pr rjsi, rj^p r}x„ + k^p k^^ Tja^ -q^j r}s„ t/At 

- ^4 • ^5 r]a^i rjpp r]Sa r]jiy rjxr + 2 ^4 • ^5 rjap, VPp VSa V-fX Vyr 
+ 2k4-k5 r]an ■qp-r VSa VXv Vpr - k4 ■ k5 rja^i Vp-y VSi^ VXa Vpr 
-k4-k5 rja^i Vpp m-r VXu Var 

+ (symmetrization under («<->/?), {/j, v), {p -(-^ a), (A -(-^ r), {'J S)) ] 
+ (permutations of {ki,a,(3), (/c2,/x, i^), {k3,p,a), (/c4,A,t), (/c5,7,5)). 

(A.S) 

As usual, we have energy-momentum conservation at the vertices, where aU momenta are 
defined to be inwards. 

APPENDIX B 

Here we present the complete expressions for the contributions to the forward scatter- 
ing amplitude which are associated with the diagrams in Fig. 4. From the Feynman rules 
developed in Appendix A we obtain, after a vast algebraic manipulation, the following 
results: 



12 



1 



K 



3 {al3){nu)(pa) 



7 kip kl^ Qa Qf3 Q,j,Qu _4: kip k2a- Qa Qp QnQu _7 k2p k2a Qa Qp Q Qv 

ki ■ Qk2- Q ki- Qk2- Q ki ■ Q k2 ■ Q 

_l_ 12fcipfc2^Qa QpQiyQcr _|_ 8kii_,k2pQaQf3QuQa _^ 8 kip /C2a Qp Qfj. Qu Qa 



ki ■ Qk2- Q ki ■ Qk2- Q ki • Qk2- Q 

12 kiQ, k2p Qp Qn Qv Qa ^klpk2 Qa Qp Qix Qv Qa ^kfkip Qa Qp Qjj, Qv Qa 

^ ki-Qk2-Q ki ■Q{k2- QY {ki-Qyk2-Q 

5 kl k2p Qa Qp Qfi Qu Qa _ 5 kl k2p Qa Qp Qn Qv Qa _ 7 k2p, k2v Qa Qp Qp Qa 

ki-Q{k2-QY {ki-QYk2-Q ki-Qk2-Q 

8 kl^i k2a Qp Qv Qp Qa _|_ 8klc^k2fj,QpQuQp Qa _|_ 5 ^2 A;2^ Qa Qp Qv Qp Qa 



+ 



ki-Qk2-Q ki-Qk2-Q ki-Q{k2-QY 

_ 5 kl k2f, Qa Qp Qu Qp Qa _ T kigkipQ^QuQpQa _ 5 ki^ kl Qp Q^ Q^ Qp Q^ 
{ki-QYk2-Q ki-Qk2-Q ki-Q{k2-Qy 

5 kf kia Qp Qp^ Qi, Qp Q^ 5 /c| Qa Qp Qp Qv Qp Qa . 5 kf k^ Q^, Qp Qp Q^, Qp Q^ 
^ {ki-QYk2-Q 2ki-Q{k2-Qf 2{ki-Qy{k2-QY 

5 k\ Qa Qp Q p Qv Qp Qa 

2{ki-Q)^k2-Q 

_ 5kipQpQuQ^r]ap _^ 2kipQpQuQ„r]ap ^ 2 k2p Qp Qu Qa Vap 
ki-Q k2-Q kl -Q 

_ 5k2pQpQvQa VaP _|_ ^kipQu QpQaVap ^ 2 /C2^ Qv Qp Qa VaP 

k2-Q ki-Q ki-Q 

_ 5 k2p Qu Qp Qa Vnp kl Qp^ Qu Qp Qa V^p 5 kj Qp Q„ Qp Q^ ii,p 
k2 -Q {kl- QY 2 {k2 ■ QY 

_ klv Qp Qp Qa Van _ k2v Qp Qp Qa Vap _|_ ^2;/ Qp Qp Qa Vap, 

ki-Q kl -Q k2-Q 

kipQuQpQaVap kipQuQpQaVap, k2p Qu Q p Qa Vap 

ki-Q k2-Q k2-Q 

4 fci • fc2 Qp Qu Qp Qa Vap _ klpQpQpQa Vav _ k2n Qp Qp Qa Vav 

kl ■ Qk2 ■ Q kl - Q kl - Q 

_l_ k2pQp QpQaVav kipQpQpQ^rjav _ kipQpQpQ^Vav 



+ 
+ 



k2 - Q kl - Q k2 - Q 

kip Qp Qp Qa Vav _|_ 4:ki-k2 Qp Qp Qp Qa Vav _ ^2(7 Qp Qp Qu Vap 

k2-Q kl - Qk2- Q kl - Q 

k2a Qp Qp Qv Vap _ kip Qp Qu Qa Vap _^ ^2/3 Qp Qu Qa Vap 

k2-Q kl - Q k2-Q 

4:klQpQpQuQaVap 4:ki - k2QpQpQuQaVap k2pQpQpQvVc 



kl - Q k2- Q kl - Qk2- Q ki - Q 
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_ k2pQl3Qij,Qvr]aa _ kip Q ^ Qu Q p Vaa _^ k2f3Qij,QuQp'naa 

k2- Q ki • Q k2 • Q 

_ ^kl Qp Qp,QuQpVaa _ 4 fei • ^2 Qp Qp, Qv Qp Vaa , r, ^ ^ 

ki-Qk2-Q k,.Qk2-Q +^^P^^Vapm. 

_^ ki-QQf^ Qa flap ri/3,y _^ ki-QQ„ Q„ rjg^ rjpp _^ ki-QQ^ Qp 77^^ rjp^ 
k2 ■ Q k2- Q k2 ■ Q 

+ ^ + 6 Q, vap ^ 

_ 5 kip Qa Qp Qa ?7p^ ^ '^kxpQa QpQgTipy ^ 2 k2p Qg Qp Qg r\p,v 
k\-Q k2-Q ki ■ Q 

_ 5 k2p Qg Qp Qg Vp.u _ 5ki^Qp Qp Qg 77^,, _^ ^ki^Qp QpQgVp,^ 
k2-Q ki-Q k2 ■ Q 

3 k2g Qp Qp Qg f]p,i/ 5 kf Qg Qp Qp Qg ry^jy /c| Qg Qp Qp Qg rjp^i, 

k2-Q 2(fci •g)2 ^ {k2 ■ QY 

, ^ ^ 2ki ■ QQpQgTjgp rjp,^ k2-QQp Qg rjgp rii^„ 

+ Qp Qa VaP V,u ^ ^ 

2ki-QQpQp r]gg ry^^ k2-QQp Qp Vaa'Qixh' kig Qg Q p Q^ Tjfxp 
k2 ■ Q ki ■ Q ki ■ Q 

_ kigQg QpQyTipp _^ ki^Qa Qp QgiJi^p _ k2j,QgQpQgrip,p 

k2-Q ki ■ Q k2 ■ Q 

_ 4 fei • ^2 Qg Qp Qu Qg Vpp _ 4 fcl Qg Qp Qiy Qg rjf^p _ ki-QQt, Qg rjgp T/^p 

ki ■ Qk2- Q ki ■ Qk2- Q k2 ■ Q 

_ 2k2 - QQuQg rjgp r}p,p _^ 2k2 - QQpQg rjgjy -q^p _^ 2ki ■ QQpQ^y rjgg r]p,p 

ki ■ Q ki ■ Q k2 ■ Q 

_l_ 2k2 - QQpQv rjgg rjp.p _ kip Qg Qp Q„ r]p,g _ kipQg QpQ^Vp.g 
ki ■ Q ki ■ Q k2 ■ Q 

_|_ fcli/Qg Qp QpVpg _ k2u Qg Qp Qp Vfxg _ 4 fci • ^2 Qg Qp Qi, Qp r]pg 

ki-Q k2-Q ki-Qk2-Q 

_ ^kl QpQyQpVp^g _ ki-QQi, Qp tjap tj^g _ 2k2-QQuQp y^^p Vpg 

ki ■ Qk2- Q k2-Q ki • Q 

_l_ 2ki-QQpQ„ r]gp r]p,g _^ 2k2 - QQpQu rjgp iq^g _^ 2k2 • QQpQg rjg^ rj^p 

k2 ■ Q ki ■ Q ki ■ Q 

-Lfin n 4:k2- QQgQprii^pri,,g SkipQgQpQi^rjpg 

_^ 2k2^QgQpQur]pg _ 5 k2^, Qg Qp Qu rjpg _ hki^QpQ^Qy-gpg 
ki-Q k2 -Q ki -Q 

2kiaQpQpQiyr]pg _ 3 k2g Qp Qp Qu Vpg 5 kj Qg Qp Q^ Qu r]pg 
k2-Q k2-Q 2{ki-QY 
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_ k2-QQf3 Qy Vafx Vpa _ k\ ■ Q Q (3 Tjccu Vpa _ k2 ■ Q Q (3 Vau Vpa 

ki • Q k2-Q ki-Q 

+ 2Qa Q(i r/^^ 'r]pa 



(B.l) 



+ {symmetrization under {a 



+ [{ki, a, (3) ^ {ks, p, a)] + [(/c2, p, y) ^ 



{ks, p, a)], 



1 



:3^ttp){tiiy){pcr)ikli ^2, ^3, Q) 



_ kip kl^ Qa Qp Qn Qu _ 10 kip k2a Qoi Qp Qp Qu _ k2p /C2cr Qa Qp Qp Qv 

ki ■ Qk2- Q ki ■Qk2-Q ki ■ Q k2 ■ Q 

_ 'i-0kipk2^QaQpQuQa _|_ Qk2^k2pQa QpQiyQa _^ Q kig kip Q p Q p Qiy Qg 

ki ■ Qk2- Q ki • Qk2- Q ki ■ Qk2- Q 

_ 10kiak2pQp QpQuQa 4 kip kj Qa Qp Qp, Qg _ 4 kf kip Qg Qp Qp Q^ Qa 
ki-Qk2-Q ki-Q{k2-QY {ki-Qyk2-Q 

_ 4 kl k2p Qa Qp Qp Qu Qa 4 ki k2p Qa Qp Qp Qv Qa _ k2pk2vQa Qp QpQa 

kl ■Q{k2- QY {ki-QYk2-Q ki-Qk2-Q 

_ Gkiak2pQpQvQpQa _ 4 ^2 k2p Qa Qp Qu Qp Qa 4 fcf k2p Qg Qp Qu Qp Qa 

ki-Qk2-Q ki-Q{k2-QY {ki-QYk2-Q 

_ kigkipQpQvQpQg. ^ 4 kig fc| Qp Qp Q^ Qp Qa _ 4 kf kig Qp Qp Q^ Qp Qa 
ki-Qk2-Q ki-Q{k2-QY ki-Q^k2-Q 

2 /c| Qg Qp Q p Qjy Q p Qu 2 kf k"^ Qg Q p Qp Q^ Qp Qa 2 /c^ Qg Qp Q p Q^ Q p Q^ 
ki-Q{k2-Q)^ {kl ■ Q)^k2 ■ Q)^ {kl ■ Qf k2 ■ Q 

+ {symmetrization under {a ^ {p, v), {p a)) ] 

+ [{kl, a, (3) ^ {ks, p, a)] + [(/c2, p, i') ^ (/cs, P, cr)] , 



{B.2) 
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^r(^/3)(MJ^)(pcT)(^l' ^2, /C3, Q) 



8QpQ 



ki-Q 



10 kigQ 13 Qp Qa r]p,^ _ hklQ^QpQpQg-qp^u _ on n 

- Qp Qa Vap r]p.u - Qp Qp Vaa Vp.u -'^QuQa VaP Vfip 

+ '2QpQa Vau VlJ-p + ^QpQiy Vaa Vl^p -^QuQp VaP Vpa ( B .3) 

+ 2Qf3Q„ flap Vpcr + 2Qf3Qa Vi^p - 20 Qa Qp rjpp Vi^t 

10kip,Qa QpQi^Vpa 10kiaQf3Qf^Q^r]pa- _ 5kfQa QpQpQuVpa 

ki-Q ki-Q {ki-Qf 

-^QlxQv VaP Vpa - Qp Qv Vap. Vpcr - Qp Q p. Vau Vpa 

-2QaQp rjpf Vpa 

+ (symmetrization under (a <-> /?), (fx v), {p a))] 
+ [cidic permutations of {ki, a, (3) (/c2, A*; ^) '^'^d {ks, p, a)] , 
1 



'Z3^to'P){pi^)ipcr)(^^^ ^2, ks, Q) - 
+ 9QpQa Vcxv VPp + 9 Qp Qa r]ap VPf + 9QpQv Vaa VPp 



{BA) 



+ 9QpQu Vap Vpa + ^QpQa Vap Vpu + 9QaQp Vpa Vup 
+ 9QaQp Vpp Vva + ^QpQiy VaP Vpcr + ^QaQp Vpv Vpa-, 

The sum of these contributions gives, with the help of the eikonal identity (3.2), the 
following result: 
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-^^ia(3){fiiy){pa) (^1' ^2, h, Q) - 

2 r kip Qa Qp Qfj, Qv _|_ k\p Qa Qp Qv Qa _ ^2(Lt Qa Qf3 Qv Qa 

ki ■ Qk2 ■ Q ki- Qk2- Q ki ■ Q k2 ■ Q 

_ kig kipQpQ^Q„Qa kiak2pQpQp,Q„ Qg _ kip Qp Qi, Qg 
ki-Qk2-Q ki-Qk2-Q 2ki-Q{k2-QY 

kl kip Qa Q/3 Qp Qg /cj fc2p Qa Q/3 QfJ. Qu Qa _ kl k2p Qa Qfj Qp Qu Qg 

2{ki-QYk2-Q 2ki-Q{k2-QY 2{ki-QYk2-Q 

kia k2p,QpQ„QpQg kl k2pQa QpQvQpQg _ kl k2f, Qa Q(3 Qu Qp Qg {B.5) 
ki-Qk2-Q 2ki-Q{k2-QY 2{ki-QYk2-Q 

kla ^2 Qf3 Qfj, Qv Qp Qg k\ /CIq, Q p Qp Qi, Qp Qg A;| Qa Qf3 Qp Qu Qp Qg 

2ki-Q{k2-Q)^ 2{ki-QYk2-Q Aki-Q{k2-Qf 

k\ kl Qa Q (3 Q fj, Qv Qp Qg kf Qa Qp Q p Qv Qp Qa 

^{ki-QY{k2-QY A{ki-QYk2-Q 
+ {symmetrization under {a ^ (3), (/x z^), (p c)) ] 

+ 2 [{kl ,a, (3)^ {ks, p, a)] + 2 [{k2, fJ,, i^) ^ {ks, p, a)] . 

Using this result, together with the eikonal identity, we arrive after a straightforward 
calculation at the expression given by equation (3.5). 
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FIGURE CAPTIONS 



Fig. 1 - Lowest order contributions to the thermal graviton self-energy. Wavy lines denote 

gravitons and dashed lines represent ghost particles. 
Fig. 2- The forward scattering diagrams corresponding to Fig. 1. Crossed graphs with 

k — > —k are to be understood. 
Fig. 3- Feynman diagrams contributing to the thermal 3-graviton vertex function. Graphs 

obtained by permutations of external gravitons in (c) are to be understood. 
Fig. 4 - Examples of forward scattering graphs connected with Fig. 3. Diagrams obtained by 

permutations of external gravitons should be understood. 
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